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Abstract-In this paper, we derive some existence results for the variational inequality in Banach 
space. Theorem 2.1 of this paper seems to be a natural extension of the celebrated result of Hartman 
and Stampacchia [l, Lemma 3.11 in infinite dimensional spaces. An application to the fixed point 
theory is given. 
1. INTRODUCTION 
Let B be a real Banach space, B* be its topological conjugate space and (u, v) be the paring 
between u E B and v E B’. Let Ii be a nonempty closed convex subset of B and T be an 
operator from h’ into B*. The vatiational inequality (VI(T, K)) is to find 2 E K such that 
(u - z,Tz) > 0 for all u E I<. The VI(T, K) h as b een found very useful in many fields, such as 
operations research, optimization problems, economics equilibrium problems and free boundary 
valued problems. 
In [l, Lemma 3.11, Hartman and Stampacchia derived a celebrated existence result for the 
VI(T, K) which asserts that if T is continuous, B is a finite dimensional Euclidean space and Ii 
is compact and convex then the VI(T, K) h as a solution. This result was further extended by 
Stampacchia [2] to infinite dimensional spaces. In [2, Theorem 2.3’1, Stampacchia asserts that 
if T is continuous on finite dimensional subspaces and monotone, B is a reflexive Banach space 
and K is weakly compact and convex then the VI(T, K) h as a solution. Recently, Thera [3] 
also derived an existence result about the solvability of the VI(T, K) from the celebrated Fan 
minimax inequality theorem [4]. The purpose of this paper is to derive some existence results for 
the VI(T, K) without assuming that the operator T to be monotone and without using the Fan 
minimax inequality theorem. Theorem 2.1 of this paper seems to be a natural extension of the 
celebrated result of Hartman and Stampacchia [l, Lemma 3.11 in infinite dimensional spaces. An 
application to the fixed point theory is also considered. Our work of this paper is closely related 
to those of [2] and [3]. 
2. THE MAIN RESULTS 
We now state and prove the main result of this paper. 
THEOREM 2.1. Let K be a nonempty weakly compact convex subset of the real Banach space B. 
Suppose that T is an operator from IL’ into B* satisfying the following assumptions: 
(i) the function 2 H (y, Tz) is sequentially weakly upper semicontinuous on Ii for each y E B, 
(ii) for any sequence (2,) c li converging weakly to 2, 
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Then the VI(T, K) has a solution. 
PROOF. We first show that for each y E B the function 2 H (X - y,Tz) is bounded from 
below on I<. If this is not true, then there exist y E B and a sequence {zCn} C A’ such that 
(z,_~,Tz,) 5 - n for all n. Since A is weakly compact, we may assume without loss of 
generality that the sequence (2,) converges weakly to some 2 E K. By (i) and (ii) we have 
(2, TX) < lim sup (z,,T2,) 
n-+C0 
5 lim sup (-n + (y,Tz,)) 
n++cc 
< lim sup (-n) + (y,Tz) 
n-++cr, 
I: -0. 
Consequently, (2, TX) = - cc which is a contradiction. 
Next, let M be any finite dimensional subspace of B with Ii’ n M # 8 and KM = K II M. 
Let PM be the injection of M into B and P,& be its adjoint. We shall show that the operator 
G = P$TPM : ICM +-+ M’ is continuous from the norm topology of KM to the norm topology 
of M’. To this end, suppose that {x,~} c I<hf such that 2, --+ 2. We claim that the sequence 
(11 Gx, llM*} is bounded. If th’ is is not true, we may assume without loss of generality that 
liw-+, II Gx, II M* = +co. For each y E M, since the function z I-+ (y - x,Tz) is bounded 
from below on K and (y - 2, Gz) = (y - z, Tt) for x E Ii there is constant C depending on y 
such that (Y - zn,Gxn) 2 C for all R. Letting z, = Gxn/ 11 Gx, 11~. we have 
(Y - xrl> -%) L ,I Gxfll for all R. 
M’ 
Since 11 .z, 11~. = 1 for all n therefore without loss of generality we may assume that t, + z E M’ 
with II .z /( = 1. It th en follows from (1) that (y - x, z) 2 0 for all y E M. Consequently, z = 0 
which is also a contradiction. Therefore the sequence {I\ Gx,, ll~*} is bounded as claimed. Let 
{Gxn,} be any subsequence of {Gx,} converging to v E M’. By (i) and (ii) we have for each 
y E M 
(x - Y, Gx) = (x - Y, TX) 
=(x,Tx) - (Y,Tx) 
5 lim sup (x,,,Tx,, 
A!++CQ 
) - lim ksu~m(~,Txnh) 
= lim sup (x,, , Gxn, ) - lim sup (Y, Gxn,) 
li++o3 t-.+o, 
=(x,v) - (YlV) 
=(x - y, U). 
Therefore (x - y,Gx - u) < 0 for all y E M and consequently Gx = v. It follows that the 
whole sequence {Gx,} converges to Gx. Hence G is continuous. 
Now, for each y E Ii let F(y) = {x E Ii : (y - x,Tx) 2 0). The set F(y) is nonempty 
since y E F(y). Let {x,} b e any sequence in F(y). Since Ii is weakly compact, we may assume 
without loss of generality that {xn} converges weakly to some x E Ii. Since (y - x,, Tz,) 2 0, 
therefore, (y, TX,) 2 (x,, TX,) for all n. It follows from assumptions that 
(x,Tx) 5 lim sup (x,,Txn) 
n-++CQ 
< lim sup (y,Txc,) 
n-+-co 
I (~1 TX). 
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Consequently, (y - I, TX) 2 0 and therefore z E F(y). H ence F(y) is weakly sequentially 
compact and hence weakly countably compact (See, e.g., [5, Theorem 18.A.l). By Eberlein’s 
theorem [5], F(y) is weakly compact for each y E li’. Suppose that {yr, . . . , y,,} is any finite 
subset of Ii’. Let M be the subspace of J3 spanned by {yr , . . . , yn}. By what we have shown, 
P&TPM : I(M + M’ is continuous. Since M” is isomorphic to M, by [l, Lemma 3.11, there is 
a:Eh’Msuchthat(y-z,Tz)>Oforally~1<. Inparticular,(yi-z,Tz)>Ofori = l,...,n. 
Consequently, n;=‘=, F(yi) is not empty. Therefore the family of sets {F(y) : y E I<} has the 
finite intersection property. Since Ii is weakly compact, it follows that nYeK F(y) # 8. Since 
any 3: E nYEK F(Y) is a solution of VI(T, K), the result follows. 
It seems that Theorem 2.1 is a natural extension of the result of Hartman and Stampacchia 
[l, Lemma 3.11 because if B is a finite dimensional Euclidean space then assumptions (i) and (ii) 
of Theorem 2.1 follow directly from the continuity of T. We also note that Theorem 2.1 extends 
[6, Theorem 11. In the case that li is unbounded we have the following existence result for the 
VI(T, K). 
THEOREM 2.2. Let K be a nonempty closed convex subset of the real reffexive Banach space B. 
Suppose that T is an operator from li into B’ satisfying the following assumptions: 
(i) the function 2 I+ (y, TX) is sequentially weaJcJy upper semicontinuous on Ii for each y E B, 
(ii) for any sequence {zcn} c li’ converging weakly to r, 
(iii) T is positively homogeneous and (I, TX) # 0 for all 2 E I< with ]I I I] = 1. 
Then the VI(T, K) has a solution. 
PROOF. For each positive integer n let li’, = (2 E li’ :]I r I]< n}. Since B is reflexive 1C, is 
weakly compact and convex for all n. By Theorem 2.1, for each 71 there exists 2, E & such that 
(y-z,,Tz:,)>Oforally~I<~. We claim that the sequence (2,) is bounded. If this is not true, 
we may assume without loss of generality that Jim,,,, ]I 2, I] = +oo. Let yn = x,/ I] z, ]I for 
each n. Since ]I yn ]I = 1 f or all n we may without loss of generality assume that {yn} converges 
weakly to some y E I( with I] y ]I= 1. Fix 20 E li’, for some m. Then (ccorTxn) > (zn,Tzn) 
for all n > m. By assumptions, we have 
0 5 (Y, TY) 
L lim ny~m(~n, TY,) 
< lim SUP,-.+,(G, TX,) - II 272 II2 
<l im SUP,,+~,(XO,TG) - 
II xn II2 
< lim SUP,,+,(XO, TY,) 
- 
II 2, II 
50. 
Therefore, (y, Ty) = 0 and I] y ]I = 1 w rc contradicts (iii). Hence {x,} is bounded as claimed. h’ h 
Without loss of generality we may assume that {xCn} converges weakly to some x E K. 
Now for each y E Ii’ let y E IC, for some m. Then y E Icn for all R 2 m. Since (y - 
x,, TX,) > 0 for all n 2 m we have by assumptions again 
(z,T;c) 5 lim sup (xnrTxn) 
lL++m 
2 lim sup (y,Tx,) 
n-++CC 
5 (Y, Tz). 
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Consequently, (y - 2, Te) 2 0 for all y E Ii’. Therefore z solves the VI(T, K) and the result 
follows. 
Finally, we consider an application of our results to the fixed point theory. Let T be an operator 
from a nonempty closed convex subset K of a real Hilbert space H into itself. A point 2 E I( is 
said to be a fixed point of T if TX = x. We have the following result concerning the existence of 
a fixed point of T. 
THEOREM 2.3. Let K be a nonempty closed convex subset of H. Suppose that T is an operator 
from Ii’ into itself satisfying the following assumptions: 
(i) the function 2 I--+ (y, TX) is sequentially weakly lower semicontinuous on K for each y E H, 
(ii) the function x I--+ (x, TX) is sequentially weakly upper semicontinuous on Ii, 
and if Ii’ is not bounded, let T also satisfy the following condition: 
(iii) T ’ p .t’ IS os1 rvely homogeneous and (x,Tx) # 1 for all x E K with 11 2 II= 1 
Then T has a fixed point in I<. 
PROOF. Let Sx = x - TX for each x E Ii’. Note that if {xn} c Ii converges to x weakly 
then liminf,,+, II I, I\>11 z 11. By assumptions (i) and (ii), all assumptions of Theorem 2.1 
are satisfied by S. If Ii is bounded then the VI(S, K) 1 las a solution by Theorem 2.1. If Ii is 
not bounded then by (iii) S is homogeneous and (x, Sx) # = 0 for all x E Ii’ with 11 x II = 1. 
Therefore, the VI(S, K) also h as a solution by Theorem 2.2. In any event, there is x E Ii such 
that (y - 2,s~) > 0 for all y E I<. Letting y = TX, we have 11 x - TX II< 0. Consequently, 
TX = x and the result follows. 
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